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Stable Numerical Method Applying a Total Variation
Diminishing Scheme for Incompressible Flow
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Tohoku University, Sendai 980-8577, Japan

To solve incompressible Navier–Stokes equations, a stable � nite difference method applying a total variation
diminishing (TVD) upwind scheme originally designed for compressible � ow is proposed. The validity and the
receptivity of this method employing such a TVD scheme for application to incompressible � ow analysis are
investigated by the evaluation of the accuracy, stability, and convergence rate. Using the generalized implicit
simpli� ed marker and cell (SMAC) solutionmethod combinedwith the TVD scheme, three-dimensionaldeveloping
entry � ows through a square curved duct are calculated and compared with available experimental data and some
computational results obtained by quadratic upstream interpolations for the convective kinematics (QUICK)
schemes, as well as by third-order upwind schemes. The comparison shows that the TVD scheme has the highest
computational ef� ciency without sharp loss of accuracy.

Nomenclature
gi j = metric tensor, r»i ¢ r» j

H = entrance width of square duct
h i j = metric tensor, @xk =@»i ¢ @xk =@» j

J = Jacobian, @.x; y; z/=@.»; ´; ³ /
p = static pressure
Re = Reynolds number, U0 H=º
Ui = contravariant velocity components, .@»i =@x j /u j

U0 = inlet mean velocity
u, ui = physical velocity and its components
u 0

i u
0
j = Reynolds stress

x, xi = Cartesian coordinate and its components
Z i = contravariant vorticity components, .@»i =@x j /³ j

1t = time step
²i j k = permutation tensor in Eq. (3)
³ = r £ u
³i = physical vorticity components
º = kinematic viscosity
», »i = general curvilinear coordinate and its components
Á = pressure correction

Superscripts

m = mth approximation of Newton iteration
n = nth time level
¤ = intermediate time level

I. Introduction

R ECENTLY, because of its economical merits and high appli-
cability, interest has been increasingin the computational� uid

dynamics (CFD) approach as a design tool for advanced � ow de-
vices. Moreover, thanks to rapid advances in computer capability
and the developmentof reliable CFD codes, it has become possible
to some extent to analyze practical engineering � ows accurately.
However, many engineering� ow� elds, for instance,blade passages
in turbomachinery or the � ow� elds around moving devices, have
geometricallycomplex computationaldomains. Furthermore, � ows
may be unsteady, turbulent, and convection dominated. In practi-
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cal computation, therefore, supercomputingwith a large number of
grid points and iterations is required, and the CFD code employed
must be characterized by high ef� ciency, accuracy, and numerical
stability.

In the computation of the convection-dominated � ows such as
high Reynolds number � ows, the application of central difference
approximationsto the discretizationof convectionterms leads to nu-
merical instability and nonphysicaloscillations.To overcome these
instabilities, therefore, the upwind method for the convection term
in the Navier–Stokes equations is widely used, even though numer-
ical diffusion is added to solutions.Because they guarantee the high
accuracy of the solution despite the effect of numerical diffusion,
higher-orderupwind schemes such as the quadratic upstream inter-
polationsfor the convectivekinematics(QUICK) family schemes1;2

and the third-order upwind scheme are commonly used in calcula-
tionsof incompressible� ow. On theotherhand, the totalvariationdi-
minishing (TVD) schemes3;4 are quite robust upwind schemes used
for compressible � ow problems. Actually, the application of such
schemes for solving these � ow problems has been very successful
in the past decade. The primary reason for the increased popularity
of high-speed� ow simulation is that the TVD schemesutilize a lim-
iting procedure to remove the local extremes, making this scheme
capable of automatically generating nonoscillation and of obtain-
ing favorableapproximationsto shocks and contact discontinuities.
Generally, however, this scheme yields a solution that is of the � rst-
orderaccuracylocallydue to the operationof the limitingprocedure.

The purpose of this paper is to proposea � nite differencemethod
combinedwith a TVD upwind scheme4 for solving the incompress-
ible Navier–Stokes equations and to investigate its receptivity. It is
shown that even though the TVD scheme is designed for hyper-
bolic equations, its use is greatly advantageous in the simulation
of practical incompressible � ows, for which it is dif� cult to apply
QUICK and modi� ed QUICK (MQUICK) schemes as well as the
third-orderupwind scheme, because it reduces the numerical insta-
bility resulting from the calculation with common computational
conditions without special treatments.

As a numerical example, a simulation of laminar, turbulent entry
� ow through a three-dimensional bent square duct5;6 is performed
because it is the most appropriate � uid dynamic device for under-
standing complex � ow phenomena in curved passages encountered
in a wide range of practical engineering applications. The numer-
ical method used in this study is an ef� cient implicit simpli� ed
marker and cell (SMAC) scheme,7;8 which has been developed by
the author to solve the incompressible Navier–Stokes equations in
curvilinear coordinates. Comparisons of predicted results from the
TVD and other high-orderupwind schemes with experimental data
are provided to show the validity and feasibility of the present � -
nite differencemethod combinedwith the TVD schemeused for the
simulation of incompressible � ows.
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II. Fundamental Equations and Numerical Method
A. Fundamental Equations of Curvilinear Coordinates

The fundamental equations are the continuity equation and the
incompressible Navier–Stokes equations of volume � uxes JU` in
curvilinear coordinates.They can be written as7
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where Qgi j D Jgi j and Qhi j D h i j =J . In Eq. (2), the momentum
equationsof volume � uxes JU` correspondto the equationsof � ows
through each cell side. Therefore, for the usual body-� tted curvi-
linear coordinategrid, the boundary condition can be imposed very
easily. The second term on the right-hand side of Eq. (3) is an addi-
tional term introducedto expresstheconvectiontermin conservative
form, and the � nal term is the viscous diffusion term expressed in
compact form using the contravariant vorticities.

In the turbulent � ow computation, the large-eddy simulation
(LES) method for the subgrid scale (SGS) turbulence is applied
by adding the SGS stress term of ¡Jr»`.r ¢ u0u0/ to the right-hand
side (RHS) of Eq. (3). In the present study, Smagorinsky’s SGS
turbulence model9 employing the eddy viscosity ºs is used as
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1 is the grid size, and Cs is the SGS coef� cient. In the actual LES
analysis, the turbulent energy ks is not taken into account because
it is so small.

Applying the fractional step method to Eq. (2), we have the fol-
lowing explicit SMAC scheme of curvilinear coordinates:
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Then, taking the divergenceof Eq. (7) and using Eq. (1) for JU n C 1
` ,

we obtain the elliptic equation of pressure increment Á,
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In this scheme, the dependent variables JU` and p are de� ned at
different points of a staggered square grid in » space.7 Using such
a staggered grid is advantageous in that the occurrence of spurious
errors are completely removed.

B. Implicit SMAC Scheme for Steady Flow
Now, Eq. (6) is extendedto an implicit formby applyingthedelta-

form approximate-factorization method10 and partially including
the viscous term in the left-hand side. Therefore, the momentum
equations of the present implicit SMAC scheme are as follows2:
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This delta-formed implicit SMAC scheme satis� es a diagonally
dominant condition with the � rst-order upwind difference scheme
and is TVD stable. Also, this implicit SMAC scheme is suitable for
vector or vector parallel machines11 as compared with the highly
SMAC scheme12 and the semi-implicit method for pressure linked
equations (SIMPLE) scheme13 developed for scalar machines.

C. Implicit SMAC Scheme for Unsteady Flow
In the same manner as with Eqs. (10–12), Eq. (6) is extended to

an unsteady implicit formulation. Therefore, the unsteady SMAC
scheme is written as follows, for instance, with regard to JU in the
» direction:
µ

1 C 1t

³
@

@»
U n ¡ º

@

@»
Qh22

Qh33
@

@»

´¶
¢
µ

1 C 1t

³
@

@´
V n

¡ º
@

@´
Qh33

@

@´
Qh11

´¶
¢
µ

1 C 1t

³
@

@³
W n ¡ º

@

@³
Qh22

@

@³
Qh11

´¶

£ 1JU ¤.m/ D RHS.m ¡ 1/

1 (14)

where

RHS.0/

1 D ¡1t L.JU; p/n ; RHS.m/

1 D RHS.m ¡ 1/

1 C 1RHS.m/

1

1RHS.m/

1 D ¡
£
JU .m/ ¡ JU .m ¡ 1/

¤

¡ 1
2

1t
¡
F .m/

1 ¡ F .m ¡ 1/

1

¢
for m ¸ 1 (15)

F1 D @

@»i
.JUi U / C Qg`i @p

@»i
C º²`i j

@

@»i
.Qh jk J Zk /

JU ¤.m/ D JU .m ¡ 1/ C 1JU ¤.m/

J Z` D ²`i j
@

@»i
.Qh jk JUk/; ` D 1; 2; 3

When the solution converges, Eq. (14) is always reduced to the
Crank–Nicholson method. In the same way, Eqs. (7–9) can be writ-
ten as follows:
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In Eqs. (14–18), the superscript m denotes the number of Newton
iterations.

In this implicit SMAC scheme for unsteady � ow, the solutions at
each time step JU n C 1

` and pn C 1 are obtained from Eqs. (14–18) of
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the Newton iteration. The RHSs of Eqs. (14) and (17) represent the
residualsof Eqs. (2) and (1), respectively,and 1JU ¤.m/ and Á.m/ of
the left-handsides are the correctionsof JU and p at each iteration.
If the values of these residualsare close to zero, then the corrections
also tend to zero, and the solution converges. The accuracy of the
solution depends only on the RHSs and is independent of the left-
hand sides.

Equations (10–12) and Eq. (14) can be solved by dividing them
into three steps; each step is a problem that is solved by the simul-
taneous linear equations with tridiagonalmatrix by Gaussian elimi-
nation.The simultaneouslinear equations(8) and (17) are solved by
the vectorizedTschebyscheffsuccessiveline overrelaxationmethod
in which sweep directions are alternated as in the alternatingdirec-
tion implicit method, which is suitable in supercomputing. In this
study, Eqs. (14–17) were discretized in the same way as in Ref. 8.

III. Upwind Difference Schemes
The second-ordercentraldifferenceis basicallyused for the space

derivatives.However, for theconvectiontermon the left-handsideof
Eqs. (10–12) and Eq. (14), the � rst-orderupwind differencescheme
is used to reduce computational effort and to accelerate the con-
vergency, whereas the higher-order upwind difference scheme is
applied to the RHS to solve the high-Reynolds-number � ow with
accuracy and stability. Here, a simple one-dimensional equation is
considered to explain the upwind schemes as
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where a.u/ D @ f=@u is the propagatingspeed of waves or the trans-
port speed of the convection term. The � nite difference equation of
Eq. (19) can generally be written in the conservation form
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where ¸ D 1t=1x , 0 · µ · 1, and Of is the numerical � ux function.
In the case of the second-order central difference scheme, the nu-
merical � ux function is taken as Ofi C 1=2 D ai C 1=2.ui C u i C 1/=2.

A. MQUICK and the Third-Order Upwind Scheme
As a general form of the upwind � nite difference scheme with

fourth-order arti� cial dissipation, the numerical � ux in Eq. (20) is
written as
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with ® D ®0 sign.ai C 1=2/. In the QUICK scheme,1 the values®0 D 1,
c1 D 9, and c2 D 16 in Eq. (21) are chosen. Also, in the MQUICK
scheme,2 which has better numerical stability and a higher conver-
gence rate than the original QUICK scheme, ®0 D 4 is generally
adopted. On the other hand, for the third-order upwind scheme,
®0 D 1, c1 D 7, and c2 D 12 are employed.

B. TVD Upwind Scheme
The higher-orderTVD scheme is expressed as a sum of the � rst-

order upwind scheme and correction terms that function to realize
higher-order schemes, and then the correction terms are modi� ed
locally by a limiter to stabilize the solution. The numerical � ux of
the Chakravarthy–Osher TVD upwind scheme4 becomes
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Here, the � ux-limited values of d f and the minmod function are
determined by
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and D f §
i C 1=2 D a§

i C 1=21ui C 1=2 , a§ D .a § jaj/=2, and 1ui C 1=2 D
u i C 1 ¡ ui . The parameter · is a linear combination parameter de-
termined by the range of ¡1 · · · 1 and affects the accuracy of
Eq. (22). According to the Taylor expansion, the truncationerror for
the unlimited forms of the TVD scheme in Eq. (22) is expressed as
¡ 1

12 .3· ¡ 1/1x2 fx xx C O.1x3/. Therefore,we knowthat the TVD
scheme of Eq. (22) has a third-order accuracy at · D 1

3 and that at
the other values of · it becomes a second-order scheme. Particu-
larly for the · of ¡1, 0, 1

2 , and 1, Eq. (22) becomes a second-order

Fig. 1 Comparison of iteration history of norm of divergence.
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upwind scheme, Fromm’s scheme (see Ref. 14), QUICK scheme,
and central difference scheme, respectively.On the other hand, the
slope of the � ux in the minmod function of Eq. (23) is controlledby
the limiter b. The rangeof b, 1 · b · .3 ¡ ·/=.1 ¡ ·/, is determined
by condition of the TVD stability. Because b is larger, the region
where the limiter function works becomes narrower.

IV. Numerical Results
The numerical example considered in this study is a laminar,

turbulent entry � ow through a three-dimensional square duct with
a 90-deg bend. This bent duct � ow is often used as a benchmark
problemfor three-dimensional� ows,15;16 and thecurvedsquareduct
is a basic element for the actual � ow devices. The computational
geometry of the curved area is the same as the con� guration studied
experimentally by Taylor et al.5 The inlet and outlet boundaries
are located at 9H and 5H up and downstream from the bend. A
no-slip boundary condition together with the Neumann condition
for pressure was implemented on the solid wall boundary. Also,
the uniform � ow condition at the inlet boundary was prescribed.
The control parameter b of 4 and · of 1

3 in Eq. (22) were used to
guarantee as high an accuracy as possible in the application of the
TVD scheme.

First, to investigate the numerical stability and convergence rate
for the TVD application in the incompressible � ow computation,
Fig. 1 presents iteration histories of the norm of divergence. The
norm of divergence,Eq. (1), is de� ned as

µ = 30 deg µ = 60 deg

Fig. 2 Comparison of streamwise velocity pro� les.

norm of divergence D
s

1
N

X

i jk

D2

where N is the total number of grid points and i , j and k are the
indices of each direction of » , ´, and ³ , respectively. At the begin-
ning of computation, the TVD scheme allowed the impulsive start
with only the described boundary conditions. However, the other
schemes required a starting value or careful attention to such fac-
torsas startingwith a very small time incrementanda prescriptionof
velocity and pressure � elds even if it is a laminar � ow of Re D 790.
Therefore, all computations to compare the convergencerates were
performed with a starting value obtained from precomputation by
the TVD scheme with 400 iterations.

The effect of applying the TVD scheme to the laminar � ow with
Reynolds number Re D 790 is remarkable in the iteration histories,
where a body-� tted coordinate grid with 107 £ 41 £ 41 points was
used and the streamwise spacing at the bend area is 2.5 deg. In the
case of the third-order upwind and QUICK scheme, the norms are
still in the range of the order of 10¡5 after 6000 iterations, and they
are somewhat unstable. With the TVD scheme, however, a rapid
convergence rate is obtained. In this laminar � ow, the tendency of
the stability and that of the convergence rate of the TVD scheme
are similar to those of the MQUICK scheme, which is an improved
QUICK scheme for the incompressible � ow.

Figures 2 and 3 show some comparisons of streamwise veloc-
ity U and radial velocity W pro� les along the spanwise direction
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µ = 30 deg

µ = 60 deg

Fig. 3 Comparisonof radialvelocity pro� les: – – –, third-order upwind
scheme; ——, TVD scheme; and , measurements.

µ = 30 deg

µ = 60 deg

XH = 0.25

XH = 2.5

Fig. 4 Comparison of streamwise velocity contours with experiments at several streamwise stations. In each panel, results from computations are
shown on the left and from experiments on the right.

Y with experiments5 at several streamwise locations. Here µ is a
turning angle measured from the start of the bend. The agreement
between predictions and measurements is quite good at most loca-
tions. The present computationswell capture the peak value of each
velocity component and all of the qualitative features of the � ow.
The discrepancy between the result obtained by the TVD scheme
and that by the third-order upwind scheme is very small, so that
from Figs. 1–3, it is shown that the numerical method using the
TVD scheme is more ef� cient than the others.

Figure 4 showscomputedstreamwisevelocitycontourscompared
with contours derived from the measurements5 at four streamwise
locations. These results by the TVD scheme show good quantita-
tive agreement with the measurement as a whole. This shows that
the center of the high-velocity� ow moves to the outer wall with the
angleof µ and up to about 2H downstreamof the bend,which is due
to the secondary � ow formed by the curvature.At 30 and 60 deg in
the bend, the computed velocities gradually roll up the � ow into a
passagevortex. Then, at X H D 0:25H and X H D 2:5H downstream
from the bend, they show the decay of the vortex. These redistribu-
tionsof the streamwisevelocityagreevery well with measurements.
Also, a recirculation zone exists at the corner of the outside wall at
the 30-deg plane in Fig. 4.

Figure 5 shows the distribution of the order of accuracy of ap-
plying the TVD scheme to an incompressible laminar � ow. This
indicates that the accuracy is in the range over second order in all
computational regions. Therefore, we know that there is no prob-
lem with regard to the sharp loss of accuracy, which will occur due
to the working of the minmod function as we experienced in the
compressible � ow computation.

In a manner similar to the laminar � ow calculation,turbulent� ow
with a Reynolds number of Re D 4 £ 104 was computed. A body-
� tted coordinate grid with 135 £ 61 £ 61 points was used, and the
streamwise spacing at the bend area was 2 deg. In the present turbu-
lent � ow simulation, QUICK and even MQUICK upwind schemes
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Fig. 5 Distribution of the order of accuracy for TVD scheme.

µ = 30 deg µ = 77.5 deg

Fig. 6 Comparison of time-averaged streamwise velocity pro� les (turbulent � ow).



SHIN 55

Fig. 7 Comparison of time-averaged wall pressure distributions
(turbulent � ow).

could not reduce the instability at relatively high Reynolds number
and a strong curved � ow� eld, although they well simulated the ear-
lier laminar � ows. This is because, even though the incompressible
� ow is milder than the compressible � ow, unsteady turbulent � ow
with high Reynolds number sometimes leads to the local extreme
because of geometrical effects such as squared corners and strong
curvature.

The steady � ow computation was � rst carried out to obtain the
starting value for unsteady computation. Then unsteady turbulent
� ow computationwas performedwith the Crank–Nicholsonmethod
and the LES method for the SGS turbulence.The Smagorinskycon-
stant Cs of 0.1 is chosen in Eq. (5), and the grid scale 1 is modi� ed
to 1 D min.1» ; 1´; 1³ ) because the diagonal volume length or
the geometricmean length results in overestimationof the SGS vis-
cosity for the present relatively coarse grid, which has the already
mentioned grid points and a grid size of 0.005H as the smallest
value in both the Y and the Z (radial) directions. Also, to take
near-wall effects into account, the Van Drist wall-damping function
fd [ D 1 ¡ exp.¡yC=AC/] was imposed on ºs in Eq. (5) with an
empirical coef� cient AC of 26.

Figure 6 shows some comparisons of time-averaged streamwise
velocity pro� les along the Y with laser Doppler velocimetry (LDV)
measurements5 at several streamwise locations. As seen in Fig. 6,
comparisonsof computedstreamwisevelocitieswith measurements
are quite good everywhere. In this turbulent � ow, the strength of
the redistributionof the streamwise � ow is smaller than that of the
laminar � ow in Fig. 2 due to the difference in the thickness of the
inlet boundary layers.

Figure 7 presents the wall pressure distributionalong the stream-
wise µ direction. Predicted pressure coef� cients C p D 2.p ¡ pref/=
½U 2

0 with pref of the pressureat 0 deg, Z D 0, and the midspan com-
pare very well with measurements. An adverse pressure gradient
develops on the outsidewall (at Z D 0:1) up to µ ¼ 50 deg, and then
the pressure gradient is reversed with µ due to the � ow deceleration
and acceleration as shown in Fig. 6. On the inside wall, the pres-
sure gradient shows a converse trend as expected. Relatively high
pressure is distributed near the outside wall and the pressure loss
recovers downstream of the bend.

V. Conclusions
A stable � nite differencemethod in which a TVD upwind scheme

is applied was proposed to solve the incompressibleNavier–Stokes
equations. The numerical method is based on the ef� cient implicit
SMAC scheme previously developed to solve these equations in

general curvilinear coordinates. The validity and receptivity of the
application was investigated through the examination of the accu-
racy, stability, and convergence rate.

For this investigation,a three-dimensionaldevelopingentry lam-
inar and turbulent � ow through a square duct with a 90-deg bend
was calculatedusing the � nitedifferencemethodand comparedwith
numerical results obtained by QUICKs and the third-order upwind
schemes and LDV measurements. Predictions by the TVD scheme
showedgoodagreementwith experiments,and accuratesimulations
of three-dimensionalcomplex � ow characteristicsincluding the re-
distributionof the streamwisevelocity and strongsecondarymotion
in the bend were successfully shown.

In the comparisonof stabilityand convergencerate with QUICKs
and the third-order upwind scheme, the implicit method using the
TVD schemewas found to be the most stableand to have the highest
computational ef� ciency. It was con� rmed that there is no sharp
drop in accuracy because the working of the limiting procedure
of the TVD scheme is much rarer than that of compressible � ow
simulation. However, this limiting procedure plays an important
role to simulate practical incompressible� ows with local extremes.
In view of the results so far obtained, the TVD scheme can be used
with con� dence for incompressible � ow computations.
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